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SUMMARY 
The na tu re  o f  t h e  s o l u t i o n  t o  t h e  convected acous t i c  wave equat ion and 
associated boundary cond i t i ons  for  rec tangu lar  duc ts  con ta in ing  un i fo rm mean 
f l o w  i s  examined i n  terms o f  t h e  complex mapping between the  w a l l  admit tance 
and c h a r a c t e r i s t i c  mode eigenvalues. I t  i s  shown t h a t  the  Cremer optimum sup- 
p ress ion  c r i t e r i a  must be mod i f ied  t o  account f o r  t h e  e f f e c t s  o f  f l o w  below 
c e r t a i n  c r i t i c a l  values o f  t h e  nondimensional frequency parameter o f  duct  
he igh t  d. ivided by sound wavelength. The i m p l i c a t i o n s  o f  these r e s u l t s  on t h e  
design o f  low frequency suppressors i s  considered. 
INTRODUCTION 
The l i n i n g  o f  duc t  w a l l s  w i t h  acous t i c  t reatment  i s  a standard p r a c t i c e  i n  
the  j e t  engine i ndus t r y  f o r  o b t a i n i n g  suppression o f  turbomachine noise.  The 
design o f  t h i s  acous t i c  t reatment  depends upon a number o f  f a c t o r s  i n  a d d i t i o n  
t o  acous t i c  performance, i n c l u d i n g  weight,  s t r u c t u r a l  i n t e g r i t y ,  l eng th  re -  
s t r i c t i o n s ,  and a b i l i t y  t o  w i ths tand severe environments. The design goal o f  
o b t a i n i n g  a maximum o f  suppression w i t h  a minimum o f  p a n e l l i n g  requ i res  a thor -  
ough knowledge o f  t h e  acous t i c  propagat ion phenomena i n  ducts  i n  the  presence 
o f  complex sound sources and mean f l o w ,  among o t h e r  e f f e c t s .  Th is  paper i s  
aimed a t  inc reas ing  t h e  understanding o f  a v i t a l  element i n  t h e  p r e d i c t i o n  o f  
sound suppression i n  ducts  w i t h  mean f low,  t h e  na tu re  o f  the  e igenvalue prob- 
1 em. 
I n  Reference 1 t h e  general  problem o f  t h e  modal s o l u t i o n  to  acous t i c  wave 
propagat ion i n  multi-segment ducts  w i t h  mean f l o w  has been considered. The 
success o f  a modal ana lys i s  p r e d i c t i o n  program such as t h e  one developed i n  
Reference 1 i s  s t r o n g l y  dependent upon t h e  a b i l i t y  t o  o b t a i n  an accura te  and 
complete s e t  of eigenvalues f o r  each s e c t i o n  o f  t h e  duc t .  I t  i s  f e l t  t h a t  
g rea te r  app rec ia t i on  o f  t h e  na tu re  o f  t h e  propagat ion process can be gained 
through d e t a i l e d  examinat ion o f  complex contour  p l o t s  o f  t h e  eigenvalue-admit-  
tance r e l a t i o n s h i p  f o r  p a r t i c u l a r  cases. 
i n  t h i s  paper a r e  presented i n  Reference 1. 
number o f  years i s  t h e  l e a s t  a t tenuated  mode theory  developed by Cremer (Ref- 
erence 2 ) .  
The b a s i c  theory  and equat ions used 
A u s e f u l  acous t i c  t reatment  des ign c r i t e r i a  which has been i n  use f o r  a 
A1 though i t  i s  gradual  l y  be ing rep laced by t h e  more accurate 
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multi-mode p r e d i c t i o n  procedures, i t  i s  s t i l l  o f  p r a c t i c a l  va lue  f o r  p r e l i m i n -  
a r y  designs and t h e  eva lua t i on  of bas ic  t rends. The Cremer theory  i s  based on 
t h e  l o c a t i o n  o f  branch p o i n t s  (or c r i t i c a l  p o i n t s )  o f  the  complex eigenvalue- 
admit tance mapping, and t h e  consequences of  t h i s  c r i t e r i a ,  p a r t i c u l a r l y  for  
l o w  values o f  t h e  frequency parameter ( r a t i o  o f  duc t  h e i g h t  t o  sound wave- 
length)  
r) = H / X  ( 1 )  
a r e  examined. I t  i s  shown how the  theory must be mod i f ied  f o r  very  l o w  0-Val- 
ues. 
The r e s u l t s  o f  t h i s  study a r e  app l i ed  t o  the  s p e c i f i c  case o f  duc ts  w i t h  
rec tangu lar  cross sec t ion .  The methods w i l l  f i n d  d i r e c t  a p p l i c a t i o n  t o  o the r  
c ross-sec t iona l  geometries w i t h  t h e  proper g e n e r a l i z a t i o n  o f  t h e  c h a r a c t e r i s t i c  
duct  modes. 
SYMBOLS 
c -  
f -  
H -  
i -  
k -  
M -  
n -  
t -  
0 
speed o f  sound 
frequency 
duct  he igh t  
K i  
wave number 
mean f l o w  Mach number 
exponent i n  boundary c o n d i t i o n  
t ime 
Z - w a l l  impedance (opt  imum) 
i3 - w a l l  admi t t ance  (dimensionless) 
y - nondimensional duct  e igenvalue 
K - a x i a l  propagat ion constant  
r) - nondimensional frequency par-  
A - sound wavelength 
OP t 
ameter, Hf /c  
- ambient dens i t y  o f  a i r  
PO 
w - c i r c u l a r  frequency, 2mf 
RECTANGULAR DUCT MODAL SOLUTION 
The method o f  separa t ion  o f  va r iab les  i s  app l i ed  t o  t h e  convected acous t i c  
wave equat ion under t h e  assumption o f  un i fo rm mean f l o w  and rec tangu lar  duct  
geometry. I n  t h i s  study, cons idera t ion  w i l l  be l i m i t e d  t o  duct  t reatment  sec- 
t i o n s  w i t h  the  same t reatment  on oppos i te  s ides  o f  t h e  duct .  
boundary c o n d i t i o n  leads t o  t w o  d i f f e r e n t  expressions 
S u b s t i t u t i o n  o f  t h e  general  s o l u t i o n  o f  t h e  d i f f e r e n t i a l  equat ion i n t o  t h e  
and 
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- iy 1 + cosy BkH = n siny 
( 3 )  
- iwt where B is the acoustic admittance at the wall, based on e time depen- 
dence. These are complex, transcendental equations for the eigenvalue, y. 
Their solution leads to two distinct -sequences of eigenvalues, the symmetric 
mode eigenvalues and the antisymmetric mode eigenvalues, respectively. For 
simplicity, the two sequences can be combined into a single set of eigenvalues. 
NATURE OF THE BOUNDARY CONDITIONS 
The boundary condition expressions (2) and ( 3 )  must be solved by numer- 
ical methods if the eigenvalues are desired for given admittances. The admit- 
tance, however, can be isolated as a function of the eigenvalue, making it 
susceptible for plotting contours o f  constant magnitude and phase of the quan- 
tity f3kH in the complex eigenvalue plane. The graphical representation of the 
relationship between the admittance and the eigenvalue is considered in detail 
in Reference 3, in which detailed contour plots are shown for a variety of con- 
ditions. From these plots, it is possible to obtain the sequences of eigenval- 
ues which determine the characteristic duct modes for a given wall admittance. 
It is shown in Reference 3 that the boundaries separating eigenvalue re- 
gions for different modes in the eigenvalue plane are branch cuts of the ad- 
mittance-eigenvalue contour mapping. One point on the branch cut is a branch 
point, or critical point, of the mapping, at which the eigenvalues for two ad- 
jacent modes coalesce, giving a double-value. By considering plots of lines 
of constant attenuation superimposed on the eigenvalue-admittance mapping, it 
has been shown by Cremer (Reference 2) ,  and is illustrated in Reference 3 ,  that 
adjacent modes, in particular the first and second modes, attain nearly the 
same attenuation rate at the branch point. Cremer proposed the choice of the 
admittance at the branch point of the first mode as a design criteria which 
optimizes suppression for the least attenuated mode. 
0.0, the optimum admittance for the least attenuated mode is (in polar form) 
For symmetric modes in the duct with the same liner on both sides, at Mach 
BkH = (5.28,-38.7O) 
Transforming this to an impedance (e +iwt convent 
(4) 
on) design criteria, we get 
875 
Although u s e f u l  f o r  p r e l i m i n a r y  design, t h e  a t t e n u a t i o n  r a t e  
o f  a s i n g l e  mode o r  even a p a i r  o f  modes i s  no t  s u f f i c i e n t  t o  p r e d i c t  a t tenua-  
t i o n  o r  t o  design optimum t reatment  f o r  f i n i t e  l eng th  ducts  w i t h . a r b i t r a r y  
sources a t  h igher  rl-values. I n  these cases, t h e  impedance must be chosen t o  
maximize suppression f o r  a p a r t i c u l a r  combinat ion o f  modes, and may t u r n  o u t  t o  
be nowhere near the  c l a s s i c a l  Cremer optimum. 
The assumption o f  un i fo rm mean f l o w  requ i res  t h a t  a p h y s i c a l l y  u n r e a l i s t i c  
s l i p - f l o w  c o n d i t i o n  must be pos tu la ted  t o  occur a t  the  w a l l  surface. I t  can be 
shown t h a t  the  sur face  f l o w  convect ion e f f e c t  leads t o  an anomaly i n  t h e  boun- 
dary cond i t i ons ,  such t h a t  two d i f f e r e n t  cond i t i ons  can be obta ined depending 
on whether c o n t i n u i t y  o f  p a r t i c l e  displacement o r  c o n t i n u i t y  o f  p a r t i c l e  ve lo-  
c i t y  i s  assumed t o  ho ld  a t  t he  w a l l .  
c u r r e n t  most w ide ly  accepted c o n d i t i o n  i s  that o f  p a r t i c l e  displacement con- 
t i n u i t y .  For th is  reason, and s ince  i t  causes t h e  more d r a s t i c  e f f e c t  o f  t h e  
two cond i t i ons ,  p a r t i c l e  displacement c o n t i n u i t y  i s  assumed i n  t h i s  study. The 
most f o r t u i t o u s  choice o f  these cond i t i ons  f o r  any g iven f low,  frequency, o r  
duct  he igh t  i s  y e t  t o  be resolved.  
The e f f e c t  o f  f l o w  on the  modal maps i s  t o  cause a d i s t o r t i o n  o f  t he  BkH 
magnitude and phase contours f rom the  Mach 0.0 case. Since the  propagat ion 
constant  K i s  a f u n c t i o n  o f  kH as w e l l  as y, the  e igenvalue r e l a t i o n s h i p s  can 
no longer be made independent o f  kH, and a separate mapping must be made a t  
each Mach number and va lue  o f  rl (s ince  q = kH/27r). 
A branch p o i n t  o f  t he  mapping o f  t he  complex f u n c t i o n  BkH on the  complex 
y-p lane i s  the  p o i n t  a t  which the  d e r i v a t i v e  o f  PkH w i t h  respect  t o  y i s  zero. 
Equat ion (2) was used t o  determine the  l o c a t i o n  o f  the  branch p o i n t  f o r  a r b i -  
t r a r y  values o f  kH and mean f l o w  Mach number. The des i red  va lue o f  y i s  t he  
r o o t  which corresponds t o  t h e  branch p o i n t  between f i r s t  and second modal re -  
g ions  f o r  each case. These roo ts  were ex t rac ted  us ing a s imple Newton-Raphson 
i t e r a t i o n  scheme. The branch p o i n t s  f o r  t h e  Mach 0.0 case were used as i n i t i a l  
values t o  p rov ide  accuracy i n  the  f o u r t h  decimal p lace.  
When the  values o f  the  eigenvalue a t  t he  branch p o i n t s  a r e  determined, the  
optimum admit tance ( o r  impedance) can be found from Equat ion (2)  and the  op- 
timum suppression r a t e  can be found from the  a x i a l  propagat ion constant .  F ig -  
ures 1 and 2 show the  dependence o f  t he  optimum s p e c i f i c  res i s tance  R and reac t -  
ance X ,  respec t i ve l y ,  on rl w i t h  Mach number Mo as a parameter. The impedance 
components have been d i v i d e d  by t he  q-value, which makes t h e  Mach 0.0 curve a .  
s t r a i g h t  l i n e  w i t h  zero slope, t h a t  i s ,  independent o f  q. F igure  3 shows the  
optimum a t t e n u a t i o n  r a t e  f o r  each o f  t h e  impedances as a f u n c t i o n  o f  q. 
rl-values h igher  than about 2, bu t  d iverge  from the  Mach 0.0 case below rl = 2, 
as  the  reg ion  o f  h igh  suppression ra tes  is entered. Higher optimum attenua- 
t i o n s  can be ob ta ined f o r  propagat ion aga ins t  t he  f l o w  f o r  these low q-values 
than f o r  propagat ion w i t h  t h e  f l ow .  
behavior.  For a g iven Mach number, t he re  i s  an q-va lue below which the  optimum 
res i s tance  tends t o  negat ive  values. A negat ive  res is tance,  o r  a c t i v e ,  l i n e r  
i s  one which tends t o  generate energy, as opposed t o  a passive, p o s i t i v e  r e s i s -  
tance l i n e r  which can o n l y  absorb energy. A t  f i r s t  s i g h t ,  t h i s  phenomenon 
Based on the  ana lys i s  o f  Reference 4, t h e  
The optimum suppression ra tes  appear t o  be independent o f  Mach number f o r  
I n  the  low rl regions, t he  optimum res i s tance  undergoes a r a t h e r  b i z a r r e  
876 
appears to be p h y s i c a l l y  unreasonable, p o s s i b l y  i n d i c a t i n g  a bas i c  f l a w  i n  the 
theory.  
I t  must be kept  i n  mind t h a t  t h e  optimum impedance c r i t e r i a  t o  t h i s  p o i n t  
has been based on t h e  branch p o i n t  c r i t e r i a  developed by Cremer. I n  the  no- 
f low o r  h i g h  q-value cases, t h i s  c r i t e r i a  i s  unambiguous, b u t  f o r  low q-values 
i t  w i l l  be shown t h a t  t h e  f low-induced d i s t o r t i o n  o f  t he  modal maps i s  so se- 
vere as t o  cause s i g n i f i c a n t  changes i n  the  na tu re  o f  t he  problem. I t  w i l l  be 
shown t h a t ,  i f  one w i l l  admit t he  ex i s tence  o f  a c t i v e  (nega t i ve  res is tance)  
w a l l  l i n e r s ,  two suppression c r i t e r i a  must be provided, one f o r  passive l i n e r s  
and one f o r  a c t i v e  l i n e r s .  The s t range behavior i s  caused by the  
1 
f a c t o r  i n  the  p a r t i c l e  displacement c o n t i n u i t y  boundary c o n d i t i o n ,  when K/k 
begins t o  ge t  l a r g e  i n  magnitude. 
M O D I F I E D  OPTIMUM C R I T E R I A  FOR LOW Q-VALUES 
Choosing a Mach number o f  -0.4, modal maps o f  t he  lowest o rde r  symmetric 
mode reg ion  were p l o t t e d  f o r  success ive ly  lower r)-values, according t o  the  
f o l l o w i n g  1 i s t :  
F igu re  4 r) = 0.36 
F igu re  5 r) = 0.3 
F igu re  6 r) = 0.15 
Note i n  F igu re  4 t h a t  t he  -goo phase l i n e s  have l e f t  t he  r e a l  and imagin- 
a r y  y-axes and a r e  converging on the  branch p o i n t .  The branch c u t  which de- 
f i n e s  the  reg ion  o f  pass ive impedance f o r  t h e  lowest o r d e r  mode now c o n s i s t s  o f  
j u s t  a s h o r t  l eng th  o f  l i n e  o f  constant ma n i t u d e  o f  BkH (IBkH( = 1.371, w i t h  
t he  r e s t  o f  t he  c u t  be ing comprised o f  k90  phase l i n e s ;  This  n-value i s  j u s t  
above the  va lue f o r  which t h e  optimum impedance goes negat ive.  I n  F igu re  5, 
t he  -goo l i n e s  have passed through the  branch p o i n t ,  which now has a phase o f  
l ess  than -goo, g i v i n g  a nega t i ve  res i s tance .  
become i s o l a t e d  from t h e  second o rde r  mode reg ion,  and con ta ins  no branch p o i n t .  
The optimum impedance f o r  t he  lowest o rde r  mode i s  now de f ined  as the  p o i n t  a t  
which the  h ighes t  valued curve o f  constant  a t t e n u a t i o n  touches t h e  boundary o f  
t he  modal region. 
A t  t h e  branch p o i n t ,  a h ighe r  p o s i t i v e  suppression i s  p r e d i c t e d  than i n  
the  modal reg ion,  i n  s p i t e  o f  t he  nega t i ve  res i s tance .  Th is  i m p l i e s  t h a t  an 
a c t i v e  l i n e r  would p r o v i d e  more suppression than a pass ive l i n e r ,  i f  designed 
w i t h  t h e  branch p o i n t  impedance components. Th is  unexpected behavior may be 
p o s s i b l y  understood i n  terms of t he  modal " c u t - o f f "  phenomenon, f o r  which modes 
below t h e i r  c u t - o f f  frequency decay e x p o n e n t i a l l y  i n  t h e  duct .  Apparent ly  t he  
e f f e c t s  o f  c u t - o f f  a r e  so s t rong  t h a t  even an a c t i v e  impedance leads t o  s t rong  
a 
The lowest o rde r  mode reg ion  has 
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decay i n  t h e  presence o f  un i fo rm f l o w .  
the  r e a l  y ax is ,  where a new branch p o i n t  appears, as shown i n  F igu re  6, pro-  
v i d i n g  a new optimum c r i t e r i a .  F igure  7 shows the  rev ised optimum impedance 
and suppression curves for  Mach -0.4 and n = 2 where o n l y  pass ive l i n e r s  a r e  
al lowed. The reg ion  between 0.20 < q < 0.36 i s  where t h e  lowest o rde r  mode ex- 
i s t s  i n  i s o l a t i o n  o f  t h e  second mode. Note t h e  s u b s t a n t i a l  d rop -o f f  i n  optimum 
a t tenua t ion  below q = 0.36. F igure  8 shows the  rev ised optimum res is tance,  re-  
actance, and suppression curves fo r  the  Mach +0.4 case. Note t h e  decrease i n  
suppression below q = 0.2. 
A t  s u f f i c i e n t l y  low q, t h e  modal reg ions r e u n i t e  on the  r igh t -hand-s ide  o f  
CONCLUSIONS 
The Cremer o p t i m i z a t i o n  theory  f o r  l e a s t  a t tenuated  modes has been modi- 
f i e d  t o  account f o r  t h e  e f f e c t s  o f  mean f l o w  a t  low q-values. I t  i s  seen t h a t  
t h e  branch p o i n t  c r i t e r i a  no longer ho lds  below c e r t a i n  c r i t i c a l  q-values, and 
t h e  optimum pass ive  l i n e r  impedance must be determined from the  modal maps. 
Revised optimum impedance and suppression curves have been presented f o r  Mach 
k0.4. I n  f u t u r e  s tud ies ,  i t  would be u s e f u l  t o  p rov ide  exper imental  v e r i f i c a -  
t i o n  of the  rev ised optimum c r i t e r i a .  I n  p a r t i c u l a r ,  i n v e s t i g a t i o n  o f  the  ac- 
t i v e  l i n e r  concept might  prove o f  p r a c t i c a l  va lue,  i f  such a dev ice can be 
shown t o  e x i s t .  
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Figure  1 . -  Optimum res i s tance  f o r  lowest o rde r  mode as a f u n c t i o n  o f  rl, 
f o r  va r ious  Mach numbers, based on Cremer optimum c r i t e r i a .  
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Figure  2.- Optimum reactance f o r  lowest o rde r  mode a s  a f u n c t i o n  o f  rl, 
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Figure 3.- Optimum attenuation as a function of q for various Mach numbers 
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Figure 4.- Complex eigenvalue-admittance mapping for symmetric modes; Mach 
-0.4; kH = 2.2619; (q = 0.36); Continuity of  Particle Displacement. 
Constant I BkH I , ----- Constant Phase (BkH). 
880 
Figure 5.- Complex eigenvalue-admittance mapping for symmetric modes; Mach 
-0.4; kH = 1.885; (q = 0.3); Continuity o f  Particle Displacement. 







Figure 6 . -  Complex eigenvalue-admittance mapping for symmetric modes; Mach 
-0.4; kH = 0.9425; (q = 0.15); Continuity o f  Particle Displacement. 




4~ / - -7-  - - - - - - 
2 
0 '\ 
-4 2 ~  
1 -6 . I  3 
F igu re  7.- Lowest o rde r  mode optimum suppression r a t e  and impedances 
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F igu re  8.- Lowest o rde r  mode optimum suppression r a t e s  and impedances 
as a f u n c t i o n  o f  for  passive l i n e r s ,  Mach +0.4. 
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